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Abstract
In this note, an important extension to the recent construction of the fluxtrap back-
ground is presented. The fluxtrap is a closed string background based on the Melvin
solution corresponding to the Omega deformation of flat space. In this note, we intro-
duce the mechanisms to extend it from ε1 = −ε2 ∈ R to more general values of ε1
and ε2 in C.
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1 Introduction
The Ω–background was first introduced in [1, 2] and used in [3] as a regulator for the cal-
culation of the volume of the instanton moduli space and has seen many applications since.
Most recently, it has appeared in the context of the gauge/Bethe correspondence [4, 5]
and in the context of topological string theory [6–11]. We won’t have anything to say
about the topological string interpretation of the ε–parameters of the Ω–deformation, but
will examine the subject from the point of view of the physical string theory.
In [12], a certain closed string background based on the Melvin solution, the so-called
fluxtrap, was shown to be the string theory realization of the Ω–background in the special
case where the deformation parameters ε1, ε2 take the values ε1 = −ε2 = ε ∈ R. This real
fluxtrap solution is constructed starting from a fluxbrane or Melvin solution in type IIB
string theory. Here, an identification with parameter m = ε ∈ R is imposed on the angular
variable of the (45)–plane, and another with parameter −m = −ε on the angular variable
in the (67) plane. A T–duality in the x8 direction eliminates degrees of freedom which
are incompatible with the identifications and results in the fluxtrap solution in type IIA
which has a manifestly non-flat metric and a B–field and preserves 16 real supercharges.
This background is of special interest since it is possible to construct a brane realization
of the gauge/Bethe correspondence in it [12–14]. This case, however, is not the most natural
for most other applications. In most cases, a complex ε is called for, or two ε–parameters
which are independent of each other. It is therefore important to answer the question of
how these generalizations can be constructed within string theory. In the present note,
we therefore extend the fluxbrane construction to cover also ε ∈ C and ε1 + ε2 6= 01. We
will see in the following that the mechanisms for the two types of generalizations are
fundamentally different from each other.
When D2–branes suspended between parallel NS5–branes are inserted in a compatible
way, the bulk background discussed in [12] corresponds to turning on a real component of
the twisted mass term of the adjoint field in the low energy effective gauge theory living on
the D2–brane. In terms of this mass term, a complex ε corresponds to a complex twisted
mass term. To turn on such a complex mass term, we find that we must introduce two
independent sets of identifications related to two T–dualities.
In order to add a second, independent ε parameter, we find on the other hand that the
discrete identifications of the original fluxbrane solution must run over more coordinate
directions. As we will see, having two independent ε parameters is incompatible with
the presence of both NS5–branes and D2–branes, but in the 3-dimensional gauge theory
describing extended D2–branes, they correspond to real mass terms for the three complex
scalar fields in the adjoint chiral multiplets.
In the following, the conventions and coordinate directions are taken to be the
same as in [12] and are summarized in Table 1. The ε–parameters of the bulk appear as
different parameters in the gauge theory (such as the twisted mass or the gauge coupling)
depending on the chosen brane embedding. In order to realize an Ω–deformed theory
such as e.g. in [15], a Euclidean brane must be inserted as in Table 1. To realize on the
1As we will see, the combination ε1, ε2 ∈ C, ε1 + ε2 6= 0 cannot be combined with all brane setups.
1
direction 0 1 2 3 4 5 6 7 8 9
fluxtrap × × × × ◦ ◦
NS5 × × × × × ×
D2 × × ×
D4 × × × × ×
E4 × × × ×
Table 1: Embedding of the D2–brane with respect to the NS5 fluxtrap. The ◦ in the fluxtrap
marks the directions of the T–dualities.
other hand the setup necessary for the gauge/Bethe correspondence2, we need a stack
of D2–branes suspended between two parallel NS5–branes and a stack of D4–branes as
given in Table 1. It turns out that only the real and complex fluxtrap backgrounds with
ε1 + ε2 = 0 are compatible with the full gauge/Bethe setup.
As already discussed, there are two natural ways to generalize the fluxtrap back-
ground:
1. Adding an imaginary component to the two-dimensional twisted mass. This is obtained by
taking also x9 to be periodic and generalizing the fluxbrane to a double identification
in x8 and x9. As we will see, this preserves the same amount of supersymmetry as
the real case.
2. Using two independent parameters ε1, ε2 for the identifications in the (45) and (67) planes.
In order to preserve supersymmetry it is necessary to introduce a third identification,
which can be:
• in the (39) plane for the theory on D2–branes without NS5;
• in the (23) plane for the theory on E4–branes in presence of NS5.
This procedure preserves only half as many supercharges as the one above.
We will explore the first possibility in Section 2, and the second in Section 3.
2 The complex Ω–background
In the context of two dimensional gauge theories, the identification parameter of the
fluxtrap background translates into twisted masses of the adjoint and bifundamental fields
encoded by the fluctuations of the D2–branes set in this background. In general, these
twisted masses are complex parameters. It is therefore vital to produce both components
of the twisted mass in order to capture the most general case. In [12], it was shown how
imposing identifications with a real parameter m8 linked to a periodic variable u˜ in which
then a T–duality is performed leads to a real twisted mass. How now does one produce
the second component of a complex twisted mass term? In order to produce a second real
component, it is necessary to introduce a second periodic variable v˜ linked to a second
set of identifications with parameter m9, and to perform a second T–duality in direction v˜.
2Here, we will confine ourselves only to the simplest case, namely the one corresponding to the XXX1/2
spin chain with periodic boundary conditions and without inhomogeneities.
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This makes sense since the complex combination u˜ + iv˜ corresponds to the the complex
scalar of the twisted chiral multiplet in the gauge theory.
2.1 Complex fluxbrane and fluxtrap
The complex Ω–background, i.e. ε1 = −ε2 = ε ∈ C, is obtained by starting with either
the flat space or the NS5 solution, imposing the fluxbrane identifications and performing
T–dualities in the directions x8 and x9. Note that these directions are both parallel to
the NS5 and do not turn it into a Taub–NUT space. We can treat the cases with and
without NS5–branes in parallel since the flat case corresponds to N5 = 0. Some extra
care is needed in the definition of the Killing spinors, because the flat case preserves
16 supercharges while the background with NS5–branes preserves only 8.
Let us start from the standard NS5 solution in type IIA string theory with the fields
ds2 = −dx20 + dx21 +U
[
dx22 + dx
2
3 + dρ
2
1 + ρ
2
1 dθ
2
1
]
+ dρ22 + ρ
2
2 dθ
2
2 + dx˜
2
8 + dx˜
2
9 , (1)
B = U,3
(− (x23 + ρ21)dx2 + x2x3 dx3 + x2ρ1 dρ1) ∧ dθ1 , (2)
Φ =
1
2
log U , (3)
where
U = 1+
N5 α′
x22 + x
2
3 + ρ
2
1
; U,3 =
d
dx3
U = − 2N5 α
′x3(
x22 + x
2
3 + ρ
2
1
)2 . (4)
Let x˜8 and x˜9 be periodic variables with periods 2piR˜8 and 2piR˜9 and introduce two
2pi–periodic variables u˜ and v˜:
x˜8 = R˜8 u˜ , x˜9 = R˜9 v . (5)
We can impose the two independent sets of identifications
u˜ ' u˜ + 2pi k1 ,
θ1 ' θ1 + 2pi m8R˜8 k1 ,
θ2 ' θ2 − 2pi m8R˜8 k1 ,

v˜ ' v˜ + 2pi k2 ,
θ1 ' θ1 + 2pi m9R˜9 k2 ,
θ2 ' θ2 − 2pi m9R˜9 k2 ,
(6)
where k1, k2 ∈ Z. It is convenient to introduce the 2pi–periodic variables φ1 and φ2 defined
by {
φ1 = θ1 −m8R˜8 u˜−m9R˜9 v˜ ,
φ2 = θ2 + m8R˜8 u˜ + m9R˜9 v˜ ,
(7)
and rewrite the bulk fields in the form
ds2 = −dx20 + dx21 +U
[
dx22 + dx
2
3 + dρ
2
1 + ρ
2
1
(
dφ1 + m8R˜8 du˜ + m9R˜9 dv˜
)2]
+ dρ22 + ρ
2
2 d
(
dφ2 −m8R˜8 du˜−m9R˜9 dv˜
)2
+ R˜28 du˜ + R˜9 dv˜
2 ,
(8)
B = U,3
(− (x23 + ρ21)dx2 + x2x3 dx3 + x2ρ1 dρ1) ∧ (dφ1 + m8R˜8 du˜ + m9R˜9 dv˜) , (9)
3
Φ = Φ0 +
1
2
log U . (10)
These expressions become more transparent if we introduce the new variables
z1 = x4 + i x5 = ρ1 ei φ1 , z2 = x6 + i x7 = ρ2 ei φ2 , ζ˜ = x˜8 + i x˜9 . (11)
Now the metric becomes
ds2 = −dx20 + dx21 +U
[
dx22 + dx
2
3 +
5
∑
i=4
(
dx2i + εV
i dζ˜ + ε¯Vi d¯˜ζ
)2]
+
+
7
∑
i=6
(
dx2i + εV
i dζ˜ + ε¯Vi d¯˜ζ
)2
+ dζ˜ d¯˜ζ , (12)
where
Vi ∂i= −x5 ∂4+x4 ∂5+x7 ∂6−x6 ∂7= ∂φ1− ∂φ2 , (13)
and ε is the complex parameter
ε =
m8 − im9
2
. (14)
This reproduces exactly the expression given for example in [15]. In the usual notation
this corresponds to
ε = ε1 = −ε2 . (15)
This is what we will call the complex fluxbrane.
At this point, starting from the expression in cylindrical coordinates, we can T–dualize
in u˜ and v˜ to obtain the complex fluxtrap background, again in type IIA. In the absence of
NS5–branes, when U = 1, the fields in the bulk are given by
ds2 =d~x20123 + dρ
2
1 + ρ
2
1 dφ
2
1 + dρ
2
2 + ρ
2
2 dφ
2
2
+
1
∆2
(
R28 du
2 + R29 dv
2 +
(
ρ21 + ρ
2
2
)
(R8m9 dv− R9m8 du)2
− (m28 + m29) (ρ21 dφ1 − ρ22 dφ2)2) ,
(16)
B =
1
∆2
(
ρ21 dφ1 − ρ22 dφ2
) ∧ (m8R8 du + m9R9 dv) , (17)
e−Φ= e−Φ0
α′∆
R8R9
, (18)
where u and v are the T–dual variables to u˜ and v˜,
R8 =
α′
R˜8
, R9 =
α′
R˜9
, (19)
and
∆2 = 1+
(
m28 + m
2
9
) (
ρ21 + ρ
2
2
)
. (20)
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In rectilinear coordinates, ζ = R8u + i R9v,
ds2 =d~x201234567 +
1
∆2
(
dζ dζ¯ − (z1z¯1 + z2z¯2)
(
εdζ¯ − ε¯dζ)2
−ε¯ε (z1 dz¯1 + z¯1 dz1 − z2 dz¯2 − z¯2 dz2)2
)
,
(21)
B =
i
2∆2
(z1 dz¯1 + z¯1 dz1 − z2 dz¯2 − z¯2 dz2) ∧
(
εdζ¯ − ε¯dζ) , (22)
e−Φ= e−Φ0
α′∆
R8R9
, (23)
and
∆2 = 1+ 4 εε¯ (z1z¯1 + z2z¯2) . (24)
All the unphysical degrees of freedom have been eliminated by the T–dualities and we
are left with a non-flat metric and a non-zero B–field.
Even though it is not a priori clear that this should work, it is possible to add NS5–
branes to the fluxbrane background in a natural way. In the presence of an NS5–brane,
the calculation works analogously, but the expressions for the bulk fields after the two
T–dualities become more cumbersome. Instead of the metric, we will write down the
inverse vielbein which contains the same information (gµν = eµa eνbη
ab) but takes a simpler
form:
e0 = ∂0, (25)
e1 = ∂1, (26)
e2 =
1√
U
∂2+
U,3(x23 + ρ
2
1)√
U
(
m8
R8
∂u+
m9
R9
∂v
)
, (27)
e3 =
1√
U
∂3−U,3x2x3√
U
(
m8
R8
∂u+
m9
R9
∂v
)
, (28)
e4 =
1√
U
∂ρ1−
U,3x2 ρ1√
U
(
m8
R8
∂u+
m9
R9
∂v
)
, (29)
e5 =
1√
Uρ1
∂φ1+
√
U ρ1
(
m8
R8
∂u+
m9
R9
∂v
)
, (30)
e6 = ∂ρ2 , (31)
e7 =
1
ρ2
∂φ2−ρ2
(
m8
R8
∂u+
m9
R9
∂v
)
, (32)
e8 = −m8 ∂φ1+m8 ∂φ2+
1
R8
∂u, (33)
e9 = −m9 ∂φ1+m9 ∂φ2+
1
R9
∂v. (34)
The B–field is given by
B =
1
∆2
(
U,3[(1+ (m28 + m
2
9)ρ
2
2)dφ1 + (m
2
8 + m
2
9)ρ
2
2 dφ2]∧
[−(x23 + ρ21)dx2 + x2x3 dx3 + x2ρ1 dρ1]
+(U ρ21 dφ1 − ρ22 dφ2) ∧ (m8R8 du + m9R9 dv)
)
, (35)
5
where ∆ is now given by ∆ = 1+ (m28 + m
2
9)(U ρ
2
1 + ρ
2
2), and the dilaton by
e−Φ= e−Φ0
α′∆
R8R9
√
U
, (36)
where Φ0 fixes the gauge coupling of the effective theory living on the branes which can
live in this background.
2.2 Supersymmetries for the complex fluxtrap
The analysis of the supersymmetries follows the same pattern as the one for the real
Ω–background discussed in [12]. The original 32 real components of the Killing spinor are
halved by the projector ΠNS5± = 12 (1±Γ2345) due to the presence of the NS5–brane. Due to
the fluxbrane background, only components compatible with the identifications remain
preserved. The incompatible ones are projected out by Πflux± = 12 (1±Γ4567), reducing the
supersymmetry by another one half. It is possible to relate the Killing spinors before
and after T–duality. The transformation is in general non-local. It is possible to choose
a suitable vielbein that greatly simplifies the expressions if we require the combination
eaµ ∂Xµ to remain invariant. In this case the left-moving Killing spinors remain invariant
and the right-moving spinors are multiplied by an appropriate Γ matrix. Making use of
the T–dual vielbein (see [12]), the Killing spinors in type IIA after two T–dualities are
given by K I IA = eL + eR with
eL = (1+Γ11)Πflux− Π
NS5
− exp[
φ1
2
Γ45] exp[
φ2
2
Γ67]e0 (37)
and
eR = (1−Γ11) ΓvΓuΠflux− ΠNS5+ exp[
φ1
2
Γ45] exp[
φ2
2
Γ67]e1 , (38)
where e0 and e1 are constant Majorana spinors and Γu and Γv are the gamma matrices in
the direction of the T–dualities, normalized to (Γu)2 = (Γv)2 = 1. It is important to realize
that with this normalization, the Gamma matrix in the direction of the T–duality does not
change under this T–duality (it does, however, change under a T–duality in a different
direction). Each of the projectors Πflux± , Π
NS5
± , and (1±Γ11) reduces the supersymmetry
by one half.
We now need to show that the order of the two T–dualities does not matter for the
counting. We will argue that the following diagram commutes:
(1)
(2)
(2′)
(3) ≡ (3′)
u
v
v
u
(39)
Here, (1) is the initial fluxbrane, (2) is the configuration after T–duality in u, (3) is the
configuration after double T–duality and (2′) the configuration after one T–duality in v.
The above diagram corresponds to requiring the T–duality operator to act as an
6
intertwiner, i.e.
Γ(3)v Γ
(2)
u = −Γ(3)u Γ(2
′)
v , (40)
The Γ(i)u,v are given by
Γ(i)u = 1
(g(i)uu)1/2
e(i)muΓm. (41)
It is clear that it is essential to evaluate the Γ(i)u,v on the right vielbein. Under T–duality in
u, the vielbein transforms as follows (see also [12]):
e(2)mu =
α′
g(1)uu
e(1)mu ,
e(2)mv = e
(1)m
v −
g(1)vu + B
(1)
vu
g(1)uu
e(1)mu.
(42)
With the above remark, we see that Γ(3)v = Γ
(2)
v and Γ
(3)
u = Γ
(2′)
u . The condition (40) now
becomes
{Γ(2)v Γ(2)u , Γ(2
′)
u Γ
(2′)
v } = 0, (43)
which can be verified explicitly in a straightforward way with the help of the usual
T–duality rules.
To conclude, depending on whether or not we include NS5–branes, we are left with 8,
resp. 16 real supercharges, the same amount as in the real fluxtrap.
3 The Ω–background with ε1 + ε2 6= 0
The Ω–background as discussed in [1, 2] comes with two independent deformation
parameters ε1, ε2. In order to make this general Ω–background and its applications
accessible via string theory, it is essential to formulate a fluxtrap background with
ε1 + ε2 6= 0.
While we have seen in the last section that in order to produce the two real compo-
nents of a complex deformation parameter we need to perform two T–dualities along
two periodic variables, the approach for producing two independent real deformation
parameters works differently, namely by introducing identifications in a third coordi-
nate plane linked to a single periodic variable. We will refer to this background as the
refined fluxtrap, in reference to the refined topological string where the second ε acts as a
refinement parameter.
3.1 The real refined fluxtrap
We will see that in order to have ε1 + ε2 6= 0 while still preserving part of the supersym-
metry, we need to introduce another identification on top of those in the (45) and (67)
planes to compensate their actions (see Sec. 3.3).
Let us consider the case of the bulk background with ε1, ε2 ∈ R. Since only one
T–duality is needed, we start out in type IIB string theory this time. The third identification
can be chosen to happen in the (x3, x9) plane which still allows us to place a D2–brane in
7
the 012 directions. It is, however, not possible to also add an NS5–brane.3 We start out
with the flat metric
ds2 = d~x2012 + dx˜
2
8 + dρ
2
1 + ρ
2
1 dθ
2
1 + dρ
2
2 + ρ
2
2 dθ
2
2 + dρ
2
3 + ρ
2
3 dθ
2
3 . (44)
We now impose three sets of identifications with two independent parameters,
u˜ ' u˜ + 2pi k1 ,
θ1 ' θ1 + 2pi m81R˜8 k1 ,
θ2 ' θ2 + 2pi m82R˜8 k1 ,
θ3 ' θ3 − 2pi (m81 + m82) R˜8k1 .
(45)
The need for the identification in a third plane with parameter −(m81 + m82) will be-
come clear in the discussion of the supersymmetry properties of the refined fluxbrane
background in Section 3.3.
With the usual procedure, we can introduce the 2pi–periodic variables φ1, φ2, φ3:
φ1 = θ1 −m81R˜8 u˜ ,
φ2 = θ2 −m82R˜8 u˜ ,
φ3 = θ3 + (m81 + m82) R˜8 u˜ .
(46)
It is convenient to introduce the coordinates
x˜8 = R˜8 u˜ , z1 = x4 + i x5 = ρ1 ei φ1 , z2 = x6 + i x7 = ρ2 ei φ2 , z3 = x3 + i x9 = ρ3 ei φ3 ,
(47)
and the two real parameters ε1 = m81, ε2 = m82 to write the (flat) metric in the form
ds2 = −dx20 + dx22 + dx˜28 +
5
∑
i=4
(
dx2i + ε1V
i dx˜8
)2
+
7
∑
i=6
(
dx2i + ε2V
i dx˜8
)2
+ ∑
i={ 3,9 }
(
dx2i − (ε1 + ε2)Vi dx˜8
)2
, (48)
where
Vi ∂i= −x5 ∂4+x4 ∂5−x7 ∂6+x6 ∂7−x3 ∂9+x9 ∂3= ∂φ1+ ∂φ2+ ∂φ3 . (49)
After T–duality, we have the following bulk fields:
ds2 =d~x2012 + dρ
2
1 + dρ
2
2 + dρ
2
3 +
1
∆˜2
[
R28 du
2 +
(
1+ ε22ρ
2
2 + (ε1 + ε2)
2ρ23
)
ρ21 dφ
2
1
+
(
1+ ε21ρ
2
1 + (ε1 + ε2)
2ρ23
)
ρ22 dφ
2
2 +
(
1+ ε21ρ
2
1 + ε
2
2ρ
2
2
)
ρ23 dφ
2
3
+2 ε1ρ21
(−ε2ρ22 dφ1 dφ2 + (ε1 + ε2)ρ23 dφ1 dφ3)+ 2 ε2(ε1 + ε2)ρ22ρ23 dφ2 dφ3] ,
(50)
B =
R8
∆˜2
(−ε1ρ21 dρ1 ∧ dv− ε2ρ22 dρ2 ∧ dv + (ε1 + ε2)ρ23 du ∧ dv) , (51)
3We could choose instead to do the third identification in the (23) direction, which would enable us to
have an NS5–brane as in Table 1, but preclude us from adding also the D2.
8
e−Φ= e−Φ0
√
α
′∆˜
R8
, (52)
where
∆˜2 = 1+ ε21 ρ
2
1 + ε
2
2 ρ
2
2 + (ε1 + ε2)
2ρ23. (53)
We refer to this solution as the real refined fluxtrap.
3.2 The complex refined fluxtrap
Of course, we can combine the two mechanisms introduced above and construct a fluxtrap
background with ε1 + ε2 6= 0, where now ε1,2 ∈ C. Since this requires a second T–duality in
the v or x9–direction, the extra identification cannot take place in the (x3, x9)–coordinates
but must be relegated to the (x2, x3)–directions. Since now, x2 is not free anymore, this
precludes us from placing a D2–brane in the 012–directions, but still leaves us the option
of inserting an NS5 or an E4–plane as indicated in Table 1. In flat space, the complex refined
fluxbrane is therefore introduced as follows. We start out from the flat metric
ds2 = d~x201 + dx˜
2
8 + dx˜
2
9 + dρ
2
1 + ρ
2
1 dθ
2
1 + dρ
2
2 + ρ
2
2 dθ
2
2 + dρ
2
3 + ρ
2
3 dθ
2
3 . (54)
Impose the identifications
u˜ ' u˜ + 2pi k1 ,
θ1 ' θ1 + 2pi m81R˜8 k1 ,
θ2 ' θ2 + 2pi m82R˜8 k1 ,
θ3 ' θ3 − 2pi (m81 + m82) R˜8k1 ,

v˜ ' v˜ + 2pi k2 ,
θ1 ' θ1 + 2pi m91R˜9 k2 ,
θ2 ' θ2 + 2pi m92R˜9 k2 ,
θ3 ' θ3 − 2pi (m91 + m92) R˜9k2 .
(55)
With the usual procedure, we can introduce the 2pi–periodic variables φ1, φ2, φ3:
φ1 = θ1 −m81R˜8 u˜−m91R˜9 v˜ ,
φ2 = θ2 −m82R˜8 u˜−m92R˜9 v˜ ,
φ3 = θ3 + (m81 + m82) R˜8 u˜ + (m91 + m92) R˜9 v˜ .
(56)
It is convenient to introduce the coordinates
ζ˜ = R˜8u˜ + i R˜9v˜ , z1 = x4 + i x5 = ρ1 ei φ1 , z2 = x6 + i x7 = ρ2 ei φ2 , z3 = x2 + i x3 = ρ3 ei φ3 ,
(57)
and the two complex parameters
ε1 =
m81 − i m91
2
, ε2 =
m82 − i m92
2
, (58)
to write the (flat) metric in the form
ds2 = −dx20 + dx21 + dζ˜ d¯˜ζ
9
+
5
∑
i=4
(
dx2i + ε1V
i dζ˜ + ε¯1Vi d
¯˜ζ
)2
+
7
∑
i=6
(
dx2i + ε2V
i dζ˜ + ε¯2Vi d
¯˜ζ
)2
+
3
∑
i=2
(
dx2i − (ε1 + ε2)Vi dζ˜ − (ε¯1 + ε¯2)Vi d¯˜ζ
)2
, (59)
where
Vi ∂i = −x5 ∂4+x4 ∂5−x7 ∂6+x6 ∂7−x3 ∂2+x2 ∂3 = ∂φ1+ ∂φ2+ ∂φ3 . (60)
The calculation of the fields after T–duality is cumbersome but straightforward. Due to
their bulkiness, we refrain from giving the explicit expressions for metric and B–field4
and content ourselves with the dilaton:
e−Φ= e−Φ0
α′ ˜˜∆
R8R9
, (61)
where now ˜˜∆2 takes the form
˜˜∆2 = 1+ (m281 + m291 + (m81m92 −m91m82)2ρ22) ρ21 + (m282 + m292) ρ22
+
(
(m81 + m82)2 + m292(1+ m
2
81(ρ
2
1 + ρ
2
2))− 2 m91m92(−1+ m81m82(ρ21 + ρ22))
+m291(1+ m
2
82(ρ
2
1 + ρ
2
2))
)
ρ23
= 1+ 4 |e1|2 ρ21 + 4 |e2|2 ρ22 + 4 |e1 + e2|2 ρ23 − (e1e2 − e1e2)
(
ρ21ρ
2
2 + ρ
2
1ρ
2
3 + ρ
2
2ρ
2
3
)
.
(62)
This solution we call the complex refined fluxtrap.
3.3 Supersymmetry of the complex refined fluxtrap
The supersymmetries can be discussed directly in the complex case of the fluxbrane with
three complex parameters in the directions (4, 5), (6, 7), (2, 3) and be specialized to the
real case if needed. Our treatment is based on the one in [16]. The Killing spinor for the
metric (54) before the identifications has the form
K = ei θ1Γ45 ei θ2Γ67 ei θ3Γ23e0 , (63)
where e0 is a Majorana spinor. After imposing the identifications, we use the coordinates
θ1 = φ1 + ε1 ζ˜ + ε¯1
¯˜ζ,
θ2 = φ2 + ε2 ζ˜ + ε¯2
¯˜ζ,
θ3 = φ3 + ε3 ζ˜ + ε¯3
¯˜ζ .
(64)
The Killing spinor now takes the form
K = ei φ1Γ45 ei φ2Γ67 ei φ3Γ23 ei(ε1Γ45+ε2Γ67+ε3Γ23)ζ˜+c.c.e0 . (65)
4The author is happy to supply them upon direct inquiry.
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In order for the Killing spinor to satisfy the boundary conditions of the fluxtrap, it has to
be independent of ζ˜. We therefore need to impose
(ε1Γ45 + ε2Γ67 + ε3Γ23) e0 = 0 , (66)
or equivalently,
ε1Γ45
[
1− ε2
ε1
Γ4567 − ε3
ε1
Γ2345
]
e0 = 0. (67)
This is fulfilled iff
ε1 + ε2 + ε3 = 0 , (68)
and
(Γ45 − Γ67) e0 = 0, (69)
(Γ45 − Γ23) e0 = 0. (70)
This can be easily seen as follows: with Eq. (68), the condition (67) becomes[
(1+ Γ4567) +
ε3
ε1
(Γ4567 − Γ2345)
]
e0 = 0. (71)
For this condition to hold for all ε3/ε1, we must impose
(1+Γ4567) e0 = 0, (72)
(Γ4567 − Γ2345) e0 = 0, (73)
which is equivalent to
−Γ45 (Γ45 − Γ67) e0 = 0, (74)
Γ45 (Γ67 − Γ23) e0 = 0. (75)
The Eq. (74) corresponds directly to Eq. (69), while subtracting Eq. (75) from Eq. (74) gives
Eq. (70). With the above conditions, we can now rewrite the Killing spinors as
K = ei φ1Γ45 ei φ2Γ67 ei φ3Γ23(1−Γ4567)(1−Γ4523)e0 . (76)
Each of the projectors reduces the supersymmetry by one half, which means that we
are now left with 8 real supercharges. To derive the Killing spinors after T–duality, the
procedure is analogous to the one described in Sec. 2.2.
The above treatment makes the need for introducing a third identification with
parameter ε3 manifest. If we require a supersymmetric setup with only two identifications
with parameters ε1, ε2, we automatically arrive at the condition analogous to Eq. (68),
ε1 + ε2 = 0, as discussed in [12]. In order to arrive at a supersymmetric setup with
ε1 + ε2 6= 0, the introduction of a third identification such that the parameters fulfill
ε1 + ε2 + ε3 = 0 is necessary.
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ε1 + ε2 = 0 ε1 + ε2 6= 0
ε i ∈ R D2+NS5+D4; E4+NS5 D2; NS5; E4+NS5
ε i ∈ C D2+NS5+D4; E4+NS5 NS5; E4+NS5
Table 2: Possible brane-like objects in various fluxtrap backgrounds
4 Summary and Outlook
In this note, we have answered the important outstanding question of how to generalize
the original fluxbrane construction given in [12] to general values of the deformation
parameters. The generalization to complex deformation parameters and the one to two
independent deformation parameters are implemented in string theory via two concep-
tionally different mechanisms.
In order to successfully combine a fluxtrap background with other elements such as
D–, E– or NS5-branes, we have to make sure that all ∂θi (corresponding to the complex
planes (ρi, θi) in which the identifications happen) are Killing vectors. To ensure this, both
ρi and θi need to be either transversal or parallel to the branes. While we have seen in
this note that it is possible to combine D2– and NS5–branes with a complex fluxtrap, we
cannot fit an NS5 as needed for the gauge/Bethe setup into the refined real fluxtrap, or
the D2s as needed into a complex refined fluxtrap background. On the other hand, it is
possible to study an E4–brane as given in Table 1 in the complex refined fluxtrap, even in
conjunction with an NS5. Table 2 briefly summarizes the possibilities of interest here.5 In
order to preserve supersymmetry, we must satisfy ∑i ε i = 0, where each independent ε
parameter reduces the conserved supercharges by one half.
To actually analyze the D–branes in the generalized backgrounds discussed here, a
course analogous to the one described in detail in [12] must be taken, but this goes beyond
the purpose of this short note. To make an example, the low energy effective action at
second order in the fields corresponding to a D2–brane in the complex fluxtrap will take
the form
S ∝
∫
d3ζ
[
−X˙σX˙σ + (m28 + m29)
(
ρ21 + ρ
2
2
)
+ ψ¯ Γ0ψ˙+
1
2
ψ¯ (Γ45 − Γ67) (m8Γ8 + m9Γ9)ψ
]
,
(77)
where the Xσ are the bosonic coordinates in the transverse directions and the ψ are the
fermionic fields.
We are confident that the constructions shown here which live in the bulk of type II
string theory will not only be of use in gaining further insights into the workings of the
gauge/Bethe correspondence, but can also provide a different point of view for the study
of questions in refined topological string theory.
5Note that this not an exhaustive list of all brane-like objects which could be studied inside a fluxtrap-type
background to satisfy other interests.
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